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Abstract

A physically realistic macroscopic decomposition of the deformation gradient for metallic polycrystals should ex-

plicitly account for all relevant sub-macroscopic kinematic processes, including lattice deformation, plastic flow, and

evolution of damage, that significantly contribute to the homogenized deformation at the macroscale. The present work

suggests such a decomposition, based on principles of volume averaging and focusing upon elastoplasticity and a

variety of damage modes including intergranular fracture, void growth and coalescence, and shear discontinuities. This

decomposition, of hybrid additive–multiplicative form, captures precisely the kinematics of arbitrarily anisotropic

damage and also offers insight into mesoscopic distributions of residual elastic lattice strain attributed to heterogeneity

of local deformation occurring at both intergranular and intragranular scales.

� 2003 Published by Elsevier Ltd.
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1. Introduction

The multiplicative decomposition of the deformation gradient into elastic and plastic parts has been used
to characterize sub-grain scale elastoplastic deformation in continuously distributed dislocation theory

(Bilby et al., 1957; Kr€ooner, 1960), single crystal deformation in classical crystal plasticity theory (Rice, 1971;

Teodosiu and Sidoroff, 1976; Asaro, 1983; Peirce et al., 1983), and polycrystalline deformation in macro-

scopic plasticity models (Lee and Liu, 1967; Lee, 1969; Bammann and Johnson, 1987; Maugin, 1994;

Scheidler and Wright, 2001). Models have also been proposed that incorporate explicit representations of

damage in the multiplicative decomposition (Bammann and Aifantis, 1989; Park and Voyiadjis, 1998;

Voyiadjis and Park, 1999). Isotropic damage is implicitly included in the plastic deformation gradient

of many macroscopic formulations of porous inelasticity (cf. Nemat-Nasser et al., 1981; Marin and Mc-
Dowell, 1996). Throughout the present work we denote by ‘‘damage’’ any deformation modes that render
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the displacement field discontinuous, causing separation or (effectively) infinite strain in the material when

observed at the micron scale. Thus, our definition of damage encompasses crack initiation and propaga-

tion, void initiation and growth, and localized shear flow wherein a finite tangential displacement jump (i.e.,

effectively infinite shear strain or a so-called ‘‘strong discontinuity’’) occurs across the shear band. Large
but finite plastic strains, however, are excluded from this definition, since the glide of discrete dislocations

(i.e., lattice displacement discontinuities) is typically resolved only at sub-micron scales of observation. Also

excluded from ‘‘damage’’ are so-called ‘‘weak discontinuities’’ wherein displacements and deformation

gradients are continuous everywhere, but velocity gradients and/or higher-order displacement gradients

may not be so (cf. Rice, 1976; Duszek and Perzyna, 1991).

Additive decompositions for the deformation gradient have also been proposed for modeling elasto-

plasticity (Nemat-Nasser, 1979; Pantelides, 1994; Davison, 1995; Shen, 1998), phase transitions (Petryk,

1998), shear discontinuities (Armero and Garikipati, 1996; Pezcherski, 1998), and distributed microcracks
(Zhou and Zhai, 1999). Additive decompositions of the spatial deformation rate tensor into elastic and

inelastic parts are also popular in macroscopic numerical implementations (cf. Nemat-Nasser and Li, 1994).

Recent micromorphic models of damage (Fu et al., 1998; Stumpf and Saczuk, 2000, 2001; Saczuk, 2001)

have incorporated an additive decomposition of a covariant derivative defining the total deformation

gradient on differentiable manifolds in Finsler space (cf. Rund, 1959), leading to an additive representation

of macro- and microdeformations.

Previous models have often used a restricted form of the damage term in the decomposition of the total

deformation gradient. A common element of macroscopic porous inelasticity is a purely isotropic damage
deformation component defined completely in terms of the void volume fraction (Bammann and Aifantis,

1989; Bammann et al., 1993; Marin and McDowell, 1996). Voyiadjis and Park (1999) employed a fictitious

deformation gradient term to model anisotropic damage; however, in their model this damage term is

required to be symmetric in order to facilitate calculation of the symmetric effective stress. Others

(Murakami, 1983, 1988, 1990; Fu et al., 1998; Steinmann and Carol, 1998) have used an area transfor-

mation rule (i.e., Nanson�s formula) to calculate an effective stress resulting from a mapping between the

current configuration and a fictitious, mechanically equivalent undamaged configuration. Br€uunig (2002)

used a multiplicative decomposition of metric tensors to obtain multiple effective, fictitious undamaged
configurations. These fictitious damage mapping approaches, while quite valid for characterizing material

integrity and effective stresses, are neither suited nor intended for modeling the kinematic contributions of

general damage entities.

In contrast, the current work suggests a kinematic decomposition incorporating explicit damage terms in

the actual deformation gradient capable of describing general anisotropic damage. No restrictions (in terms

of symmetry or isotropy) are imposed on the form of the damage terms in the deformation gradient. Thus,

in contrast to many of the above-mentioned isotropic representations technically limited to uniform dis-

tributions of spherical voids, our approach permits accurate resolution of the kinematic contributions of
damage entities of arbitrary geometry, such as non-uniform void clusters (e.g., coalescence of elliptical

voids) and cracks or shear discontinuities of arbitrary orientation. More specifically, a hybrid additive–

multiplicative decomposition is proposed, applicable for describing the collective deformation of multiple

grains and assorted damage entities contained within a polycrystalline body. Components of the decom-

position are determined via principles of volume averaging, with the formulation herein describing the

physics of finite elastoplasticity coupled with one or more distinct damage modes. The interested reader is

also referred to a previous multiscale formulation by the current authors (Clayton and McDowell, 2003)

limited to continuous finite elastoplasticity and effectively extended herein to describe the homogenized
kinematics of anisotropic damage.

The following notation is used throughout the text. Vector and tensor quantities are typically repre-

sented with boldface type, while scalars and individual components of vectors and tensors are written in

italics. The index notation is often used for clarity, following the Einstein summation convention and
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distinguishing between covariant (subscript) and contravariant (superscript) components. Current configu-

ration indices are written in lower case Latin, reference configuration indices in upper case Latin, and

intermediate configuration indices are written using Greek symbols. Capitalized symbols generally denote

homogenized quantities and lower-case symbols, for the most part, denote local values. Quantities corre-
sponding specifically to a stress-free state are often distinguished with a tilde above. Juxtaposition implies

summation over two repeated adjacent indices (e.g., ðABÞ�ba ¼ AacBcb). The dot (scalar) product of vectors is

represented by the symbol ‘‘�’’ (e.g., a � b ¼ aagabbb, with gab components of the metric tensor). The symbol

‘‘�’’ represents the tensor (outer) product (e.g., ða� bÞab ¼ aabb). Additional notation is clarified as needed

later in the text.
2. Multiscale coordinates

We consider a statistical volume element (SVE) of crystalline metal consisting of an arbitrary number of

grains, whose representation in the current (deformed) configuration may also include damage entities such

as explicit voids, cracks, and shear discontinuities. The SVE represents a continuum ‘‘point’’ in a macro-

scopic analysis. We label the aggregate an SVE (cf. Ostoja-Starzewski, 1998) rather than a representative
volume element (RVE––cf. Hill, 1963; Hashin, 1964), since we do not assume a priori the statistical homo-

geneity of pertinent response functions, such as effective stiffness, for example. Mesoscopic (i.e., local)

current and reference coordinates within the SVE are labeled x and x0, respectively, with the mesoscopic

motion denoted by x ¼ uðx0; tÞ, and with time denoted by t. Similarly, macroscopic (i.e., global) current

and reference coordinates for the SVE are labeled X and X0, respectively, with the macroscopic motion

denoted by X ¼ UðX0; tÞ. The macroscopic coordinates describe the collective behavior of an aggregate of

grains (O(�10�4–10�3 m)) as manifested by SVE boundary motions, while the mesoscopic coordinates

represent the local behavior of individual grains, sub-grains, inclusions, and damage entities within the
aggregate (typically O(�10�6–10�5 m)). Each SVE, while associated with a single material ‘‘point’’ X0

(macroscale), is considered to encompass a finite zone of surrounding material at a more refined scale of

observation x0 (mesoscale). Fig. 1 depicts the motions, configurations, and corresponding coordinates, at

the meso- and macroscales, for an SVE with material coordinates X0 and consisting of multiple grains and

damage entities, all contained within a deforming structure.

Henceforward, as shown in Fig. 1, all tensorial quantities at both meso- and macroscales are referred to

a coincident system of general curvilinear coordinates in each configuration; i.e., xA0 ¼ XA
0 and xa ¼ Xa

(A; a ¼ 1; 2; 3). We assign a single set of both reference (X0) and current (X) coordinates to describe the
mean motion of each SVE, while allowing variation in local coordinates x0 and x within the SVE. The

covariant components of the metric tensor in the current configuration are labeled by gab ¼ ga � gb, with
current basis vectors denoted by ga and gb. Similarly, the covariant components of the metric tensor in the

reference configuration satisfy GAB ¼ GA �GB, with reference basis vectors labeled GA and GB. We also use

the notation g � det g and G � detG for the determinants of coordinate metric tensors. In what follows, we

define macroscopic deformation tensors as volume averages of local, mesoscopic tensors defined at loca-

tions within the SVE (cf. Eq. (5)). It is essential that these local tensors be expressed with respect to a single

set of global basis vectors and covectors in each relevant configuration, such that the volume averaging
procedures are meaningful and accurate (Lippmann, 1996). This requirement also holds for volume

averaging of tensor components associated with incompatible configurations, where anholonomic basis

vectors are typically implied (e.g., Eq. (20)). Thus, basis vectors may change from point to point at the

macroscopic level (i.e., with changes in X0 and X, if general curvilinear coordinates are beneficial), but are

restricted to be fixed––only when such volume averaging procedures are used––with respect to local

coordinates x0 and x within each SVE, whose (global) centroidal coordinates are given by X0 and X.



Fig. 1. Motions, configurations, and coordinates at the meso- and macroscales.
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3. The macroscopic deformation gradient

The macroscopic deformation gradient F, for the SVE centered at X0, is defined completely in terms of

the motion of the external boundary of the SVE (cf. Hill, 1972), i.e.,
F � oU
oX0

� 1

V

Z
S
x� ndS: ð1Þ
In Eq. (1)1 we have tacitly assumed the compatibility of the total deformation gradient at the macroscale,

i.e., oF a
�A=oX

B
0 ¼ oF a

�B=oX
A
0 . Also, V is the total scalar volume of the SVE in the reference state, while S is the

external boundary surface of the SVE in the reference configuration, with corresponding unit outward

normal covector n. As indicated in Fig. 2, F depends only on the motion of the external boundary of the

SVE and consists of the elastoplastic deformation of the crystalline matrix and the net contribution at-
tributed to local damage entities (e.g., cracks, voids, and shear discontinuities) within the SVE. Also shown

in Fig. 2, the state of the SVE in the reference (undeformed) configuration is labeled Bref , and the state of

the SVE in the current (deformed) configuration is labeled Bcur.

At the mesoscale, the local deformation is by definition incompatible when damage entities are intro-

duced within the SVE. This means that current configuration coordinates x are not single-valued functions
Fig. 2. Macroscopic deformation gradient for SVE.



Fig. 3. Multi-valued boundary coordinates.

J.D. Clayton, D.L. McDowell / International Journal of Solids and Structures 40 (2003) 5669–5688 5673
of x0 throughout the entire SVE: for example, such coordinates do not exist within the ‘‘empty spaces’’

between crack faces or inside voids. Eq. (1) is therefore not an invocation of the classical Gauss�s theorem
(cf. Malvern, 1969; Hill, 1972; Nemat-Nasser, 1999) when damage is present, since the body is no longer

simply connected, and a local deformation gradient f does not exist throughout the entire SVE. However,

we can still execute the calculation defined in Eq. (1) regardless of the simple-connectivity of the SVE, so

long as current coordinates x are available over its outer boundary. For cases in which damage entities

traverse the boundary, such that the current coordinates are multi-valued functions of the reference
coordinates, we refer to the situation depicted in Fig. 3. A material point x0 along S––with normal covector

(i.e., covariant vector) n and associated scalar differential area element dS––is mapped during the course of

the macroscopic deformation to two points xþ and x� on opposing crack faces in the current configuration.

The corresponding contribution to Eq. (1) is then defined simply as the average contribution of each local

current configuration point, i.e., ð2V Þ�1ðxþ � ndS þ x� � ndSÞ. A similar procedure may be invoked when

a shear band or void crosses the external boundary of the SVE.

Our restriction that the macroscopic deformation gradient F remains compatible precludes the modeling

of macroscopic crack extension (e.g., cracks of sizes much larger than the SVE). Instead, we focus on
distributed mesoscopic entities within the SVE, such that at the macrolevel, the material is regarded as a

smooth continuum. This assumption will later permit specification of continuum-type relations (and tra-

ditional continuum finite elements in numerical simulations) to govern the evolution of polycrystalline

material behavior in the spirit of previous macroscopic plasticity and damage models of Gurson (1977) and

Bammann et al. (1993), for example. Henceforward, we shall use the terms ‘‘deformation’’, ‘‘deformation

map’’, and ‘‘deformation gradient’’ interchangeably to denote any of the two-point tensors––including

individual contributions from elasticity, plasticity, and damage––comprising the total deformation gradi-

ents at the meso- or macroscales, even though these tensors are generally incompatible (i.e., unlike F in
Eq. (1) they are not true gradients of motion functions).
4. An additive–multiplicative decomposition

The total deformation gradient of Eq. (1) is now partitioned, in an additive fashion, into contributions

from the matrix material (i.e., elastoplastic grains), Fm, and contributions from local damage incompati-

bilities (i.e., moving internal free surfaces or displacement discontinuities), Fd:
F|{z}
external surface of SVE

¼ Fm|{z}
bulk matrix grains

þ Fd|{z}
internal surfaces ðdamageÞ

: ð2Þ
As will be demonstrated later (Section 5), derived in rigorous detail in terms of the generalized Gauss�s
theorem in Appendix A, and discussed by Davison (1995), the additive decomposition (2) arises as a natural

extension of the volume averaging process––using basic calculus arguments the surface integral (1) may be

considered as the limit of a Riemann sum––and allows us to account for the contributions of individual
damage entities in an explicit manner.



Fig. 4. Local configurations associated with multiplicative decomposition of the matrix deformation gradient at the mesoscale.

5674 J.D. Clayton, D.L. McDowell / International Journal of Solids and Structures 40 (2003) 5669–5688
We now assume that the local deformation within undamaged regions of the matrix is describable via the

multiplicative decomposition of classical crystal plasticity theory (cf. Rice, 1971; Teodosiu and Sidoroff,

1976; Asaro, 1983):
f � ou

ox0

����
matrix

¼ fefp; ð3Þ
with the local matrix deformation gradient f decomposed into an elastic part fe, the stretch of which is
associated with the local stress, and a deviatoric plastic part fp, attributed to the past history of dislocation

glide on individual slip systems. Fig. 4 shows the local configurations associated with the decomposition

(3)2. The local reference and current configurations in Fig. 4 are identified as sub-elements of their cor-

responding macroscopic configurations: dV � bref � Bref and dVcur � bcur � Bcur. An additional local stress-

free configuration bp, arising from the plastic deformation fp and not necessarily corresponding to any

global configuration, is also shown. We remark that Eq. (3) describes deformation only in regions of the

SVE where the crystalline matrix remains intact (and the deformation remains compatible), since u is not

continuous or single-valued locally at damage entities. For the problem of intergranular fracture, for ex-
ample, Eq. (3) will describe the local deformation gradient within grains, but will not apply for local volume

sub-elements that span disjoint grain boundaries within the SVE.

The current configuration slip direction and slip plane normal vectors, labeled si and mi, respectively, in

Fig. 4, are related to the reference slip vectors si0 and mi
0, as follows (Rashid and Nemat-Nasser, 1992):
si ¼ resi0; mi ¼ re��mi
0; ð4Þ
where re is the proper orthogonal rotation tensor associated with the right polar decomposition of the
elastic deformation, fe ¼ reue. The ð Þ� notation in (4) corresponds to the dual map of a mixed-variant two-

point tensor (Stumpf and Hoppe, 1997) and is associated with a horizontal exchange of indices when the

index notation is used. In general, the rate of lattice rotation includes the spin associated with elastic de-

formation and rigid body motion of the lattice; however, in Eq. (4) the deformation of the lattice vectors

associated with the (typically small) elastic stretch ue is neglected.

We define the homogenized matrix deformation gradient, Fm, as a volume average of the local matrix

deformation gradient given by Eq. (3):
Fm � 1

V

Z
Vm

f dVm ¼ 1

V

Z
Vm

fefp dVm; ð5Þ
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where it is understood that the integration takes place only over compatibly deformed reference volume Vm
(i.e., the matrix) within the SVE. Notice from Eqs. (1)–(3) and (5) that F ¼ V �1

R
matrix

f dV ¼ Fm only when

damage is absent, i.e. when Fd ¼ 0 and V ¼ Vm. In other words, the term Fd is a representation of the failure

of Gauss�s theorem for defining the homogenized deformation gradient of the matrix strictly in terms of the
motion of the exterior boundary, since it reflects the contributions of moving internal boundaries that

destroy the simple-connectivity of SVE. We emphasize that the damage deformation term Fd in the additive

decomposition of the deformation gradient (Eq. (2)) does not represent a tangent map for push-forward

and pull-back operations, cannot be used to define an intermediate ‘‘configuration’’, and does not neces-

sarily satisfy detFd > 0. The same may be said of Fm when Fd is non-zero.

We consider here the contributions of two general kinds of damage entities to the damage deformation

gradient Fd of Eq. (2):
Fd ¼ vFd þ sFd; ð6Þ
with vFd the contribution of ‘‘volumetric’’ defects and sFd the contribution of ‘‘surface’’ defects. We dis-

tinguish volumetric defects, such as spherical or ellipsoidal voids, from surface defects, such as planar

cracks or localized shear bands, by considering the surface area-to-volume ratio of each flaw. An initial flaw
volume V ðjÞ

v is associated with each volumetric defect j. Defect volumes in the reference configuration are

attributed, for example, to void-nucleating inclusions or initial porosity. The contribution of these entities,

for which we may attribute a small, but appreciable, volume in the reference configuration, may be des-

cribed via the following expression (cf. Hill, 1963, 1972):
vFd � 1

V

X
j

Z
Sv

x� nðjÞv dSðjÞ
v ; ð7Þ
where we have applied summation over j volumetric defects within the SVE, each with unit surface normal

covector nðjÞv and surface area element dSðjÞ
v . Fig. 5(a) illustrates the relevant geometric quantities for the

contribution of a single void. Note that a multiplicative decomposition including a term representing the

macroscopic deformation gradient contribution from volumetric defects may be used to precisely represent

purely isotropic expansion, simply by considering the relationship between the volume change and the

Jacobian determinant of the deformation gradient (Bammann and Aifantis, 1989). Definition (7), however,
permits anisotropic damage deformation, and its requirement of a ‘‘reference configuration flaw’’ is ana-

logous to the requirement of a non-zero initial porosity value in the damage evolution equations of many

existing macroscopic descriptions from the literature (e.g., Cocks and Ashby, 1980, 1982; Bammann et al.,

1993; Khaleel et al., 2001; Mahnken, 2002). We remark that when Eq. (7) applies,
H ¼ V �1
X
j

det V ðjÞ
v

� ��1
Z
Sv

x

�
� nðjÞv dSðjÞ

v

�
V ðjÞ
v ¼ V �1

X
j

V ðjÞ
v

is a measure of the average porosity in the SVE in the current configuration (per unit reference volume), the

value of which cannot be calculated directly from vFd. Here V ðjÞ
v is the scalar volume enclosed by SðjÞ

v , the
boundary surface of the jth damage entity.
Fig. 5. Contribution to deformation gradient from (a) volumetric-type and (b) surface-type defects.
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Consider now the contribution of internal surface-type defects, such as cracks and shear discontinuities.

We use sFd to represent the macroscopic deformation attributed to such entities, which are of one spatial

dimension less than that of the SVE (e.g., a 2D planar crack in a 3D volume). The local geometry of each

defect k is described in terms of a displacement jump in the current configuration, written as sxt, a reference
configuration surface SðkÞ

s ––which could be a grain boundary plane prior to intergranular fracture, for

example––and a corresponding reference configuration unit normal covector, nðkÞs . Following Kachanov

(1980), Davison (1995), Armero and Garikipati (1996), Pezcherski (1998), and Zhou and Zhai (1999), Eq. (7)

reduces to the following for the contribution to the homogenized deformation gradient due to k surface-

type defects:
sFd � 1

V

X
k

Z
Ss

sxt� nðkÞs dSðkÞ
s : ð8Þ
Fig. 5(b) illustrates the geometric terms involved in definition (8) for a single crack. Note that in Cartesian

coordinates the expression H ¼ trðsFdÞ yields the volume fraction of damage attributed to surface-type

defects represented in this fashion (Kachanov, 1980).
Notice that while each part of Fig. 5 depicts a single damage entity (i.e., one void or one crack), multiple

cracks and voids in combination are taken into account via superposition in Eqs. (6)–(8). Also, Eqs. (7) and

(8) are fully applicable for describing voids and/or cracks of arbitrary shape, size, and connectivity, with the

area integration taking place over the total ensemble of facets comprising damage entities (e.g., all void

surfaces or crack branches).

We next introduce the two-point deformation tensor Fe as the macroscopic ‘‘elastic’’ deformation

mapping, generally not compatible with any prescribed coordinate field. We require that detFe > 0, per-

mitting unique left and right polar decompositions, i.e. Fe ¼ VeRe ¼ ReUe, with ReT ¼ Re�1, VeT ¼ Ve, and
UeT ¼ Ue.

The elastic stretch tensors Ve and Ue are associated in the present model with the average macroscopic

external stress, which we assume obeys the standard angular momentum balance in the current configu-

ration (i.e., symmetric average Cauchy stress). The intermediate configuration eBBint of the SVE reached upon

hypothetical instantaneous elastic unloading from the current configuration Bcur via the inverse of the

elastic deformation gradient, Fe�1, corresponds to null traction conditions on the external boundary of the

SVE (i.e., the traction ~tt ¼ 0 along eSS ), as shown in Fig. 6. The left elastic stretch tensor Ve is determined

explicitly from
Fig. 6. Multiplicative decomposition of the macroscopic deformation gradient.
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Ve ¼
Z
S
x

�
� ndS

� Z
S

�xx

�
� ndS

��1

; ð9Þ
where �xx are the local coordinates of the external boundary of the SVE corresponding to a second

macroscopically stress-free intermediate configuration Bint, also shown in Fig. 6. Configuration Bint arises

from instantaneous removal of traction along the boundary of the SVE, constrained in such a way that the

global rotation of the SVE, Re�1, does not occur upon unloading. Specification of an intermediate un-

stressed configuration via instantaneous traction removal from the boundaries of the volume element was

explicitly proposed by Kratochvil (1971), who remarked that viscous effects influence the designation of the
unloaded configuration in rate-dependent solids. Rajagopal and Srinivasa (1998) also emphasized the

dependence of unloaded state upon the rate of traction relaxation. Inertial effects are neglected by as-

sumption during this idealized unloading procedure. Because we specify the response to traction removal to

be instantaneous, any plastic deformation occurring upon unloading is idealized as rate independent. When
�xx are multi-valued functions of x0, a procedure analogous to that suggested for Eq. (1) is followed, ac-

counting for contributions from �xx on opposite sides of damage entities traversing S (cf. Fig. 3).

The orthogonal tensor Re, which generally includes rigid body motion and elastic lattice rotation, is

found from the solution of the integro-differential equation
_RReReT ¼ Xe � 1

V

Z
Vm

xe dVm ¼ 1

V

Z
Vm

_rrereT dVm; ð10Þ
with initial conditions Re ðt ¼ 0Þ ¼ re ðt ¼ 0Þ ¼ 1. In (10) the superposed dot denotes the material time

derivative, and xe and Xe are, respectively, the mesoscopic and macroscopic lattice spin tensors referred to

the current configuration. The local elastic lattice spin xe is dictated by the choice of constitutive model

invoked for single crystals comprising the SVE (e.g., classical crystal plasticity theory). Mandel (1982) and

Prantil et al. (1993) proposed analogous equations for the macroscopic plastic spin. We note that if the

SVE is a single crystal with no heterogeneous internal deformation associated with grain subdivision or
internal damage, then Xe ¼ xe and Re ¼ re. On the other hand, if the SVE contains a randomly oriented

ensemble of grains whose net lattice vorticity satisfies Xe ¼ 0, the response exhibits isotropy in the sense of

Kratochvil (1971).

Following Mandel (1973) and Naghdi and Srinivasa (1993), we assign to the SVE reference and current

configuration triads of orthonormal director vectors, denoted D
ðAÞ
0 and DðaÞ respectively, and satisfying
D
ðAÞ
0 �DðBÞ

0 ¼ dAB; DðaÞ �DðbÞ ¼ dab ðA; a ¼ 1; 2; 3Þ; ð11Þ

where dAB and dab are Kronecker delta symbols. We assume that the macroscopic elastic stretch is small, so

that these directors rotate in a similar fashion to the slip directions of the constituent crystals (Eq. (4)1), i.e.
DðaÞ ¼ daAR
eD

ðAÞ
0 : ð12Þ
If we further stipulate that the director vectors remain stationary during the total irreversible deformation

Fe�1F, such that the intermediate configuration directors eDDðaÞ satisfy eDDðaÞ ¼ daAD
ðAÞ
0 ¼ daaR

e�1DðaÞ, our in-
termediate configuration eBBint is identified with Mandel�s (1971, 1973) isoclinic configuration (Fig. 6). For

the specific case of a homogeneously deforming single crystal, since Re ¼ re, the director vectors DðaÞ rotate

in an identical fashion to the slip plane normals and slip directions (Eq. (4)). In the general case of a

heterogeneous polycrystal, the time-dependent rotation of the director vectors DðaÞ is dictated by the vol-

ume-averaged spin of the lattice Xe defined by Eq. (10).

We now propose a multiplicative decomposition of the total deformation gradient:
F ¼ FeeFF ¼ Fe 1

V

Z
S
~xx

�
� ndS

�
; ð13Þ
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with eFF � Fe�1F the total residual deformation gradient between the reference configuration and the stress-

free intermediate configuration, as is clear from Fig. 6. Local coordinates along the outer boundary eSS are

denoted by ~xx. When damage entities intersect the boundary eSS , rendering ~xx multi-valued functions of x0, the

contributions of ~xx on opposite faces of damage entities are found using a procedure analogous to that
employed for multi-valued coordinates x and �xx in Eqs. (1) and (9), respectively. We note that the inverse

elastic deformation Fe�1 includes any rearrangement of local damage entities upon the processes of macro-

scopic elastic unloading (Ve�1), including recovered deformation attributed to crack closure, if occurring.

Likewise, eFF includes the contributions of damage present in configuration eBB int, in addition to contributions

from non-recovered local elastoplasticity in the matrix grains (i.e., residual elastic lattice deformation and

residual plastic deformation).

In the macroscopically unloaded intermediate configuration eBBint, the local deformation gradient, ~ff,
which is well-defined only within damage-free regions of matrix grains, is assumed to adhere to the fol-
lowing multiplicative decomposition:
~ff � o~xx

ox0

�����
matrix

¼ ~ffe~ffp; ð14Þ
with ~xx local coordinates within undamaged (i.e., compatibly deformed) regions of the SVE in configurationeBBint, and with ~ffe and ~ffp the local residual elastic and plastic deformation gradients, respectively. We stress

that the macroscopic configuration eBB int in Fig. 6 and the local intermediate configuration bp of Fig. 4
generally do not coincide: local (residual) elastic deformation ~ffe is present in the former, but absent in the

latter. Furthermore, we emphasize that ~ff is defined by the choice of stress-free intermediate configurationeBBint, as uniquely specified by Eqs. (9) and (10).

Eq. (13) may be expanded into residual matrix deformation (eFFm) and residual damage ðeFFdÞ contribu-
tions similarly to Eq. (2), i.e.,
F ¼ FeðeFFm þ eFFdÞ; eFFm � Fe�1Fm; eFFd � Fe�1Fd: ð15Þ

An additive decomposition of the residual damage deformation gradient with volumetric and surface terms

analogous to those comprising the total damage deformation gradient in Eq. (6) also applies. In such a

description we replace x and sxt in Eqs. (7) and (8) with pull-backs to the intermediate configuration,

defined by ~xx0 � Fe�1x and s~xx0t � Fe�1sxt, respectively. We then have
eFFd ¼ veFFd þ seFFd; ð16Þ

veFFd � Fe�1ðvFdÞ ¼ 1

V

X
j

Z
Sv

~xx0 � nðjÞv dSðjÞ
v ; ð17Þ

seFFd ¼ Fe�1ðsFdÞ ¼ 1

V

X
k

Z
Ss

s~xx0t� nðkÞs dSðkÞ
s : ð18Þ
We remark that ~xx0 in Eqs. (17) and (18) do not necessarily represent the actual coordinates of the damage

entities in configuration eBBint, but instead give the coordinates of the current configuration damage entities

pulled back to eBBint by the mesoscopically uniform elastic deformation Fe, in order to satisfy Eq. (15)3
unconditionally. In fact, since a non-vanishing Fd (damage in the current configuration) will generally lead

to a non-vanishing eFFd, the latter deformation map will not vanish even if all damage entities physically close

upon macroscopic unloading. This is because Fe generally consists of both elastic matrix and (recoverable)

damage deformations. However, for the special case of purely irrecoverable damage, and upon assuming
that the macroscopic elastic stretch is negligible such that Fe ¼ Re, Eqs. (17) and (18) do give the actual

geometry of the individual damage entities, rotated rigidly along with the SVE from Bcur to eBBint via Re�1. By
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‘‘irrecoverable’’ damage we mean damage entities whose local geometrical characteristics (e.g., void size

and shape, crack orientation and separation distance, etc.) do not change upon traction removal from the

outer boundary of the SVE, a procedure embodied by the deformation map Ve�1. By this definition,

irrecoverable damage entities are identical geometrically in configurations Bcur and Bint of Fig. 6. Even when
the macroscopic elastic stretch is neglected (i.e., Ve ¼ 1), the damage is not necessarily irrecoverable. On the

other hand, for real elastoplastic materials, since during macroscopic unloading we would typically expect

all damage entities to recover to some extent (e.g., some degree of crack closure upon elastic unloading), the

notion of an irrecoverable damage entity is generally physically, but not mathematically, precluded when

Ve 6¼ 1. Also notice that we could have alternatively defined the residual damage deformation gradients of

Eqs. (17) and (18) in terms of the actual geometries of damage entities in global configuration eBBint, at the

same time adjusting our definitions for the current configuration damage deformations vFd and sFd in Eqs.

(7) and (8) as push-forwards of veFFd and seFFd, respectively, such that Eq. (15)3 would be unconditionally
satisfied.

The homogenized, residual deformation for the matrix, written as eFFm, also adheres to
eFFm ¼ Fe�1 1

V

Z
Vm

fefp dVm

� �
; ð19Þ
where we have invoked Eqs. (3), (13) and (15). In contrast to the plastic deformation gradient in the

conventional macroscopic decomposition (cf. Lee and Liu, 1967; Lee, 1969), eFFm contains effects of local

plastic deformation and local elastic deformation of the lattice, as well as contributions from any recove-

rable damage deformation embodied in Fe�1. The homogenized residual plastic deformation F
p
is specified

here as the solution of the integro-differential equation
L
p � _FF

p
F
p�1 � 1

V

Z
Vm

_ffpfp�1 dVm; ð20Þ
i.e., the macroscopic plastic velocity gradient L
p
is defined as a volume average of the local plastic velocity

gradient referred to local configuration bp of Fig. 4.

A multiplicative decomposition for the total matrix deformation gradient is now proposed:
Fm ¼ FeeFFm ¼ FeeFFiF
p
: ð21Þ
Combining Eqs. (19) and (21) then results in the meso-incompatibility deformation tensor eFF i, i.e.
eFFi � eFFmF
p�1 ¼ Fe�1

Z
Vm

fefp dVm

� �
F
p�1

: ð22Þ
When Eqs. (17)2 and (18)2 represent the actual geometries of local damage entities within configurationeBB int––such as occurs when Fe ¼ Re and the damage is completely irrecoverable, or if damage is absent

ðFd ¼ 0Þ––the residual matrix deformation gradient can be written in terms of local residual elastic and

plastic deformations:
eFFm ¼ 1

V

Z
Vm

~ffe~ffp dVm; ð23Þ
where we have used Eq. (14). In such special cases, the meso-incompatibility tensor takes the reduced form

(see also Clayton and McDowell, 2003)
eFFi ¼
Z
Vm

~ffe~ffp dVm

� �
F
p�1

: ð24Þ
From either Eq. (22) or Eq. (24) one may deduce that eFFi provides an indication of the heterogeneity of
elastoplastic deformation within the matrix grains of the SVE. The eFFi tensor in Eq. (24) is in fact a kind of
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weighted volume average of the residual elastic deformation term ~ffe, with the residual plastic deformation
~ffp serving as the weighting multiplier. In the general case of heterogeneous residual elastic and plastic

deformations within the SVE, eFFi of Eq. (24) is a function of both elastic and plastic deformations. When

considering the more general form given by Eq. (22), the effects of recoverable damage enter the eFF i term

through the macroscopic elastic deformation gradient Fe. Notice from Eq. (24) that eFFi ¼ 1 when residual
lattice deformation vanishes everywhere in the SVE and the plastic deformation is uniform throughout the

time history of loading and unloading (i.e., when ~ffe ¼ 1 and ~ffp ¼ F
p
). Previous work regarding undamaged

polycrystals (Clayton and McDowell, 2003) has demonstrated that the stretch associated with eFFi is posi-

tively correlated with the distribution of local ‘‘incompatibility’’ at the mesoscale; i.e., the presence of local

residual stresses and elastic lattice stretch (and commensurate elastic strain energy density) due to non-

uniform elastoplastic deformation within the SVE in the intermediate configuration eBBint. For this reason,

we refer to the deformation term eFF i as the ‘‘meso-incompatibility tensor’’. We comment that in the case of a

homogeneously deforming, damage-free single crystal, we have F ¼ f, Fe ¼ fe, eFF ¼ eFFm ¼ ~ff ¼ ~ffp ¼ fp ¼ F
p
,

~ffe ¼ 1, eFFd ¼ Fd ¼ 0, and eFFi ¼ 1, so the classical crystal plasticity decomposition of Rice (1971) and Asaro

(1983) is recovered. In other words, F ¼ FeF
p ! f ¼ fefp when the SVE is a uniform undamaged single

crystal. On the other hand, we emphasize that if the standard macroscopic decomposition F ¼ FeFp is

adopted with the assumption that Fp is produced exclusively by homogenized dislocation motion (e.g.,

Fp ¼ F
p
) at the SVE level for a damage-free polycrystal, local residual elastic stretch fields are tacitly ne-

glected. Moreover, if the standard decomposition F ¼ FeFp is invoked, with the volumetric part of Fp

representing the kinematics of damage (cf. Marin and McDowell, 1996, and references cited therein), an-

isotropic damage cannot be captured precisely––for example, shear bands or contacting sliding crack faces

that induce no net volume change for the SVE.

Combining Eqs. (15) and (21) leads to an additive–multiplicative decomposition for the total defor-

mation gradient:
F ¼ FeðeFFiF
p þ eFFdÞ: ð25Þ
In contrast to the above-mentioned two-term decomposition favored in the literature, Eq. (25) successfully

represents residual elastic deformation of the lattice (embedded within eFFi) as well as anisotropic damage

(eFFd). It should also be noted that while the kinematics of grain subdivision processes (see e.g., Butler and

McDowell, 1998) are typically neglected by the usual two-term decomposition, these processes can be

represented by our eFFi tensor when the homogenization (i.e., volume averaging) methods are applied to a

domain within a single crystal. Residual elastic deformation within a single crystal or polycrystal is often

associated with scalar- or tensor-valued measures of dislocation density (Kr€ooner, 1960, 2001), and our
decomposition (25), while not applied in the current work towards resolving the fine-scale kinematics of the

motion of discrete dislocations, is fully compatible with such descriptions of defect fields and can easily be

projected to more refined length scales so long as the bulk material behaves as a continuum. The following

section further elaborates upon the decompositions given in Eqs. (2) and (25).
5. Remarks on the additive and additive–multiplicative decompositions

We now present our motivation for using an additive form of the deformation gradient to describe

damage. Notice from Eq. (25) that we do not advocate an additive decomposition for the elastic and inelastic

terms or the displacement or velocity vectors (cf. Zbib, 1993; Shen, 1998; Voyiadjis and Park, 1999); such

approaches, while perhaps mathematically acceptable, have been routinely criticized in the literature on

physical grounds (cf. Lee, 1981). Instead, our additive decomposition applies solely to damage, and is a

direct result of the volume averaging procedure and the connectivity properties of the SVE. We emphasize
that our additive decomposition is an exact result stemming from the generalized Gauss�s theorem, and is not



Fig. 7. Motivation for additive decomposition. Two-phase simply connected material (a), volumetric defect (b), and surface defect (c).
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a constitutive assumption. Consider the two-dimensional deformation problem depicted in Fig. 7(a). The
SVE consists of two parts: a circular volume (i.e., area with unit thickness) V 2 embedded in a square volume

V 1. We assume that during the macroscopic deformation process symbolized by F, the local deformation

gradients f1 and f2 within each part are uniform, and that the body remains simply connected, such that

Gauss�s theorem applies. The volume-averaged deformation gradient then is found from Eq. (1)2 as
F � 1

V

Z
S
x� ndS ¼ 1

V

Z
V 1þV 2

f dV ¼ 1

V

Z
V 1

f1 dV 1

|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
F1

þ 1

V

Z
V 2

f2 dV 2

|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
F2

¼ F1 þ F2: ð26Þ
For the particular instance when the deformation gradients and volumes of the two parts are equal, we have

F1 ¼ F2 ¼ ð1=2ÞF. Clearly, the quantities F1 and F2 do not individually represent tangent mappings of
differential line elements, since for example in the instance of no deformation at all (i.e., F ¼ 1), each of

these quantities is equal to half of the two-point identity map.

Now consider the case depicted in Fig. 7(b). In this situation, V 2 � V 1 is a rigid, void-nucleating in-

clusion surrounded by ductile matrix material V 1. The homogenized deformation gradient F for this case

can be written as
F ¼ 1

V

Z
S
x� ndS ¼ 1

V

Z
V 1

f1 dV 1

|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
Fm

þ 1

V

Z
S2
x� n2 dS2

|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
vFd

¼ Fm þ vFd; ð27Þ
where, in essence, we have replaced the deformed volume of solid material V 2 of Fig. 7(a) with an equivalent

volume of zero effective stiffness, the void surrounding the inclusion, in Fig. 7(b). Here n2 is the reference

normal to surface S2. Extending Eq. (27) to a distribution of j voids yields our definition for the volumetric

damage deformation gradient given by Eq. (7). Now consider the situation depicted in Fig. 7(c), where the

circle V 2 has degenerated into a one-dimensional surface S2. In this case, the homogenized deformation

gradient F is found as
F ¼ 1

V

Z
S
x� ndS ¼ 1

V

Z
V 1

f1 dV 1

|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
Fm

þ 1

V

Z
S2
sxt� ndS2

|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
sFd

; ð28Þ
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with sxt the displacement discontinuity across the crack face in the current configuration. Summing over a

field of k distributed microcracks provides our previous definition (8) for the damage deformation gradient

arising from internal surface-type damage. The Appendix A of this paper contains more rigorous deriva-

tions of Eqs. (1), (2), and (6)–(8), among other relations, all following directly from application of the
generalized Gauss�s theorem.

One may stipulate that the since the void-nucleating inclusion (Fig. 7(b)) or the surface defect plane (Fig.

7(c)) exist in the reference configuration Bref , this configuration is not a true, defect-free state for the

material. To represent a completely damage-free reference polycrystal, we could easily include an additional

preliminary deformation term K0 in the decomposition of Eq. (25), for example, such that
Fig.
K � FK0 ¼ FeðeFFiF
p þ eFFdÞK0; ð29Þ
where K is the total deformation gradient from the completely defect-free state (often called a ‘‘natural

configuration’’ or ‘‘material manifold’’––cf. Teodosiu, 1967, 1969; Maugin, 1993; Le and Stumpf, 1996) to
the current configuration, and where K0 represents the insertion of defects within the configuration Bref at

time t ¼ 0. However, for cases in which the initial volume fraction of defects (e.g., inclusions and voids) is

small, and when all crack faces are closed at t ¼ 0, the contribution to the total deformation gradient from

the initial defect distribution is negligibly small and does not enter the kinematics, i.e. K 0 	 1. Residual

elastoplasticity present in initial configuration Bref could also be included within K0 (cf. Teodosiu, 1967,

1969; Rice, 1971; Teodosiu and Sidoroff, 1976), but throughout the present work we assume the matrix in

the reference configuration is a perfect lattice, free of dislocations and internal residual stress fields. In this

framework, grain boundaries are idealized as discontinuities in initial lattice orientations between con-
stituent crystals, rather than as dislocation aggregates with associated internal stress fields.

The additive–multiplicative decomposition given by Eq. (25) implies the existence of three macroscopic

configurations for the SVE, as shown in Fig. 8. We recall in Fig. 8 the following notation. The global state

of the entire SVE in the reference configuration is labeled Bref ; i.e., Bref � V . The state of the SVE in the

current configuration is labeled Bcur, and the state of the SVE in the externally unloaded intermediate

configuration is labeled eBBint. Local configurations are labeled in a similar fashion; the local volume elements

are enlarged in Fig. 8 for enhanced visibility of presentation. An individual local volume element in the

reference state is labeled bref , such that bref � dV � V � Bref . Also depicted are the local configurations
~bbint � eBBint and bcur � Bcur. Configuration bp is identified with the stress-free intermediate configuration of
8. Local and global configurations associated with the decomposition of the deformation gradient at multiple length scales.
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crystal plasticity theory, as depicted previously in Fig. 4. The local stress-free configuration �bbp, arising from

the plastic deformation ~ffp and not necessarily corresponding to any global configuration, is also shown.

Also, notice in Fig. 8 that the local stress-free intermediate configuration bp and the local configuration
~bbint do not necessarily coincide unless the SVE is a homogeneously deformed single crystal, free of residual
lattice stretch and rotation, and free of internal damage. Constituent local elements ~bbint may exhibit residual

elastic stretch and residual stresses within globally unloaded configuration eBB int. Such residual quantities are

absent in the stress-free local configuration bp. When the local residual elastic deformation fields vanish

(e.g., inside a homogeneous damage-free single crystal) and when the unloading is purely elastic (no local

plasticity upon load removal), the local configurations bp, �bbp (due to residual plasticity, as shown in Fig. 8),

and ~bbint coincide, meaning that eBBint is free of internal residual stresses. In such cases, eFF i ¼ 1 and the plastic

deformation field ~ffp ¼ fp ¼ F
p
is uniform throughout the SVE.

As a viable alternative to Eq. (25), an additive form for the velocity gradient could be used to model
coupled elastoplasticity and damage, i.e.
L � _FFF�1 ¼ Le þ Lp þ Ld; ð30Þ
where Le, Lp, and Ld represent the contributions of elasticity, plasticity (i.e., dislocation flux), and damage

to the total spatial velocity gradient L (cf. Nemat-Nasser et al., 1981, who modeled the contributions of

isotropic damage, and Pezcherski, 1998, who modeled microshear banding using an anisotropic Ld).

However, we favor our deformation gradient decomposition over the rate decomposition in Eq. (30) for

several reasons. Firstly, it is not clear to us how one should define explicitly the individual contributions of

all types of flaws comprising a non-uniform distribution of damage entities (i.e., anisotropic damage) to the

velocity gradient term Ld, in contrast to our vFd and sFd terms, whose definitions have been proposed and/
or validated many times in the literature (cf. Hill, 1963, 1972, 1984; Kachanov, 1980; Davison, 1995;

Armero and Garikipati, 1996; Pezcherski, 1998; Zhou and Zhai, 1999). Furthermore, determination of an

evolution equation for Ld using data from micromechanical (numerical) solutions and/or data from

physical experiments would require accuracy-inhibiting numerical differentiation of the data, in contrast to

measurement of deformation gradient terms, which requires no time differentiation. Finally, we remark that

by defining a decomposition for the deformation gradient, such as in Eq. (25), one may determine the

velocity gradient terms associated with elastoplasticity and damage by routine application of the material

time derivative and chain rule for differentiation. In contrast, Eq. (30) is potentially less descriptive since it
leaves the decomposition of the total deformation gradient unresolved.

To summarize various physical phenomena captured by the macroscopic decomposition given in

Eq. (25), we list below in Eq. (31) several ‘‘degenerate’’ cases and the corresponding reduced forms of

Eq. (25):
general form : F ¼ FeðeFFiF
p þ eFFdÞ;

elasticity : eFFi ¼ F
p ¼ 1; eFFd ¼ 0 ! F ¼ Fe;

homogeneous single crystal plasticity : eFFi ¼ 1; eFFd ¼ 0 ! F ¼ FeF
p
;

polycrystal plasticity : eFFd ¼ 0 ! F ¼ FeeFFiF
p
;

elasticity with damage : F
p ¼ 1 ! F ¼ FeðeFFi þ eFFdÞ:

ð31Þ
We obviously have not listed all possibilities in Eq. (31) (e.g., rigid plasticity and all variations with

damage). For the general case of heterogeneous polycrystalline elastoplasticity with damage, the full
decomposition of Eq. (25) applies.
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6. Conclusions

A combined additive–multiplicative decomposition of the macroscopic deformation gradient for an

aggregate of crystalline grains has been proposed. The matrix deformation gradient is decomposed mul-
tiplicatively into terms representing recoverable elastic deformation, homogenized plastic deformation, and

the meso-incompatibility deformation. The damage deformation gradient, unrestricted in terms of repre-

sentation of anisotropy, consists of the summed contributions of individual entities (e.g., cracks or voids) to

the total deformation gradient measured in terms of the external boundary motion of the macroscopic

volume element (SVE). The framework is particularly appealing to interaction with micromechanics

treatments for various deformation and damage phenomena, including coupled anisotropic plasticity and

damage. Future work will deal with multiscale balance laws and evolution equations to accompany the

kinematic framework developed herein, with particular constitutive assumptions justified by experimental
and/or numerical data.
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Appendix A

We present here derivations of Eqs. (1), (2), and (6)–(8), which rely primarily on the generalized Gauss�s
theorem. The generalized Gauss�s theorem takes the form (Malvern, 1969)
Z

V
r � adV ¼

Z
s

n � adS; ðA:1Þ
where a is a scalar, vector, or tensor of arbitrary rank that has continuous first partial derivatives with

respect to local coordinates, r is the gradient operator (i.e., covariant derivative with respect to the

symmetric metric connection), and n is the outward unit normal covector to local surface element dS. The
surface S, which encloses volume V , is required to be piecewise smooth and exhibit a topological ‘‘outside’’

and ‘‘inside’’, such that n may be clearly assigned for the ‘‘outside’’ of each surface element dS. The volume
V must be simply connected for a single continuous boundary surface S to suffice––otherwise, (A.1) may be

applied over a summation of disjoint surfaces completely enclosing a volume that is not simply connected.

The � operator represents a general product that exhibits the distributive property––examples include the

scalar (dot) product, the cross product, and the tensor (outer) product. The familiar divergence theorem is

obtained from Eq. (A.1) when � is the dot product.

We first consider cases wherein the body (SVE) is simply connected, enclosed by a single continuous

surface (Fig. 9(a)). To arrive at the form used for Eq. (1), we replace a with current configuration coor-

dinate functions x, and we select V as a volume in the reference configuration enclosed by surface S, with
local outward normal n. The � operator is chosen to be the outer product �, giving
Z

V
ðr � xÞdV ¼

Z
S
ðn� xÞdS; ðA:2Þ
or in index notation
Z
o
J ðx

iÞdV ¼
Z

nJxi dS; ðA:3Þ

V ox0 S



Fig. 9. Application of generalized Gauss�s theorem: simply connected body (a), volumetric damage (b), and internal surface damage (c).
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where we have assumed that covariant differentiation is equivalent to partial differentiation (i.e., a spatially

constant reference metric tensor), true, for example, when the reference configuration is a Euclidean space,

admitting Cartesian coordinates xJ0. Further assuming that the local deformation gradient is compatible

(i.e., integrable), i.e.,
oxi

oxJ0
¼ f i

�J ; xi ¼ uiðxJ0 ; tÞ; ðA:4Þ
substituting (A.4) into (A.3), transposing both sides, and dividing both sides by the total volume of the SVE

in the reference configuration gives the homogenized deformation gradient F defined in Eq. (1), limited to

the case of a damage-free (i.e., simply connected) SVE:
F � 1

V

Z
S
x� ndS ¼ 1

V

Z
V
f dV ¼ 1

V

Z
V

ou

ox0

dV : ðA:5Þ
Now we consider cases when the body is no longer simply connected, corresponding to the evolution of

damage in the form of internal volumetric defects (voids) and/or surface-type displacement discontinuities

(cracks, shear bands). The situation where the body contains a single volumetric defect is shown in Fig.

9(b), and is considered first. In the reference configuration, the external boundary of the SVE is again

labeled S, with outward unit normal covector n, while the internal boundary corresponding to the volu-

metric defect is labeled Sv, with outward unit normal covector nv. The homogenized deformation in the

matrix then takes the form
Fm � 1

V

Z
Vm

f dVm ¼ 1

V

Z
S
x� ndS þ 1

V

Z
Sv

x� ð�nvÞdSv; ðA:6Þ
taking into account the opposite orientation of the outward normal of the volumetric defect (nv) with

respect to the outward normal to the internal surface of the matrix material (�nv). In (A.6), the local

deformation gradient f is well-defined only within the referential matrix volume Vm, and not within the

(empty space of) the defect. However, spatial coordinates x are available along the image of internal
boundary Sv in the current configuration. If we then define
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vFd � 1

V

Z
Sv

x� nv dSv; ðA:7Þ
we may write
F � 1

V

Z
S
x� ndS ¼ 1

V

Z
S
x� ndS �

Z
Sv

x� nv dSv

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Fm

þ 1

V

Z
Sv

x� nv dSv|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
vFd

; ðA:8Þ
giving the net contribution of matrix deformation Fm and a single volumetric defect vFd to the total de-

formation gradient F. Summation with (A.7) over a distribution of j internal volumetric defects then gives

our previous definition (Eq. (7)) for vFd.

Now consider the situation of Fig. 9(c), wherein the referential internal defect is of one spatial dimension

less than the dimension of the body (e.g., a 2D planar crack in a 3D body, or a line crack in a 2D body as

shown). We divide the defect surface Ss in into two opposite faces: reference configuration (positive) surface

Sþ
s with corresponding outward unit normal covector nþs , and reference configuration (negative) surface S�

s

with corresponding outward unit normal covector n�s . The homogenized deformation gradient for the
matrix then becomes
Fm � 1

V

Z
Vm

f dVm ¼ 1

V

Z
S
x� ndS þ 1

V

Z
Sþs

xþ � ð�nþs ÞdSþ
s þ 1

V

Z
S�s

x� � ð�n�s ÞdS�
s

¼ 1

V

Z
S
x� ndS � 1

V

Z
Sþs

ðxþ � x�Þ � nþs dS
þ
s ¼ 1

V

Z
S
x� ndS � 1

V

Z
Ss

sxt� ns dSs; ðA:9Þ
where we have used the relations ns dSs � nþs dS
þ
s ¼ �n�s dS

�
s and sxt � xþ � x� for the referen ceconfigu-

ration normal oriented surface elements and the current configuration coordinate jump associated with

opposite faces of the surface defect. Here xþ and x� are current configuration (spatial) coordinates along

positive and negative crack faces. The damage deformation gradient associated with a single surface defect

is then defined by
sFd � 1

V

Z
Ss

sxt� ns dSs; ðA:10Þ
from which
F � 1

V

Z
S
x� ndS ¼ 1

V

Z
S
x� ndS �

Z
Ss

sxt� ns dSs

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Fm

þ 1

V

Z
Ss

sxt� ns dSs|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
sFd

: ðA:11Þ
Summation over a distribution of k internal surface discontinuities then gives our previous definition (Eq.

(8)) for sFd. Superposition of Eqs. (A.7) and (A.10) for a single volumetric and a single surface defect, or

Eqs. (7) and (8) for multiple volumetric and surface defects, gives the total damage deformation gradient
(Eq. (6), repeated below):
Fd ¼ vFd þ sFd: ðA:12Þ
The total deformation gradient F then has the form suggested originally in Eq. (2):
F ¼ Fm þ Fd; ðA:13Þ
where Fm is defined by (A.6)1 or, equivalently, (A.9)1.
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